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The purpose of this study is to examine the implicative relationship among 
students’ strategies while solving proportional and nonproportional problems. We 
used the computer software CHIC to carry out an implicative statistical analysis of 
the strategies used in different types of problems. Our analysis showed that the use 
of some strategies was linked to characteristics of the problem, as the context and 
the type of relationship between numbers in the situation. The implicative analysis 
generated four implicative structures according to the types of problems and the 
students’ correct strategies. Furthermore, we found that using the rule of three in a 
proportional task implies the use of this method in nonproportional situations, and 
the use of the additive strategy in a nonproportional problem implies the use of this 
in proportional situations.  
OBJECTIVES AND BACKGROUND 
Proportional reasoning involves an understanding of the multiplicative relationship 
that exists among the quantities that represents the proportional situation, the 
ability to solve a variety of problems types and the ability to discriminate 
proportional from nonproportional situations (Cramer et al., 1993; Fernández, 
2001). There are three different types of tasks that research has used to assess 
proportionality reasoning: missing value, numerical comparison and qualitative 
prediction and comparison (Post et al., 1988; Heller et al., 1990). In missing-value 
problems three quantities are given and the fourth quantity is unknown while in 
numerical comparison problems, the rates are given and they only have to be 
compared. On the other hand, qualitative prediction and comparison problems 
require comparisons not dependent on specific numerical value. With regard to 
nonproportional problems, researchers have analyzed various types of structure 
among the accounts: additive, linear and constant problems. In the constant tasks, 
the student doesn´t have to do any calculations to find the correct solution. The 
answer is one of the numbers mentioned in the problem itself. In the additive 
problems the relationship within the ratios is computed by subtracting one term 
from a second, and then the difference is applied to the other ratio. Finally, in 
linear tasks, the relationship between the numbers is of the form f(x)=ax+b 
whereas in proportional problems, the relationship is of the form f(x)=ax (Van 
Dooren et al., 2005). 
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Researchers have found that problem context and the nature of the numerical 
relationships influence problem difficulty level and the strategy used 
(Steinthorsdottir, 2006). Some factors are associated with the nature of the 
numerical relationships: the presence or absence of integer ratios, the size of the 
ratios or the numbers used, the placement of the unknown number and the presence 
or absence of a repeated difference between the measurement used. Otherwise, 
important context variables are whether the referential content is discrete or 
continuous and whether the context is familiar to the student or not (Tourniaire & 
Pulos, 1985; Misalidou & Williams, 2003; Steinthorsdottir, 2006).  
The research has also provided us students’ strategies used for solving missing-
value problems: unit-rate, factor of change, rule of three and the building-up 
method (Christou & Philippou, 2002; Tournaire & Pulos, 1985; Cramer & Post, 
1993; Bart et al., 1994). On the other hand, if children want to be successful in 
nonproportional problems, they have to identify the nonproportional situation. 
Based on the literature, the additive method is the most common incorrect strategy. 
In this one, the relationship within the ratios is computed by subtracting one term 
from another, and then the difference is applied to the second ratio to find the 
unknown (Tournaire & Pulos, 1985, Misalidou & Philippou, 2002).  
Many studies have provided categorize tasks and categorization systems of 
strategies. The purpose of this study is to extent previous work about proportional 
reasoning, examining the implicative relationships among the strategies used by 
secondary school students while solving proportional and nonproportional 
problems. The four types of problems that we have considered were missing-value 
proportional problems, numerical comparison problems, prediction qualitative 
problems and nonproportional problems. Furthermore, we have investigated if the 
nature of the numerical relationship and the context influence in the generation of 
these implicative relationships. We have also analyzed both correct and incorrect 
strategies used by students in their attempt to solve proportional and 
nonproportional problems in order to identify evolving levels of sophistication in 
proportional reasoning. 
METHOD 
The participants were 135 students in their 1st year of Secondary School from four 
different schools (12 and 13 years old). There was approximately the same number 
of female and male students.  
A questionnaire with 7 problems was used to collect the data. Students had 55 
minutes to complete this questionnaire. Calculators were provided and they were 
encouraged to record their procedure and to justify their answers. The problems 
were:    
1.- In a greengrocer’s, 5 kg. of potatoes cost 2 euros. You want to buy 8 kg. How much will they cost? 
How  many kg. will you buy with 5 euros? Explain your results. 
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2.-If Sara mixed less chocolate with more milk than she did yesterday, the milk would taste a)stronger 
cocoa b)weaker cocoa c)Exactly the same or d)Not enough information to tell. Explain your answer 
(Modified version, Cramer & Post, 1993). 
3.-A group of 5 musicians plays a piece of music in 10 minutes. Another group of 35 musicians will play 
the same piece of music tomorrow. How long will it take this group to play it? Why? (Van Dooren et al. 
2005). 
4.-Marta and Sofia want to paint their rooms exactly the same color. Marta uses 3 cans of yellow paint 
and 6 cans of red paint. Sofia uses 7 cans of yellow paint. How much red paint does Sofia need? 
(Misalidou & Williams 2003). 
5.-Which vehicle has a faster average speed, a truck that covers 100 km. in 1 ½ hours or a car that 
travels 120 km. in 1 ¾ hours? (Modified version. Lamon, 1999b). 
6.-Victor and Ana are running around a track. They run equally fast but Ana started later. When Ana has 
run 5 rounds, Victor has run 15 rounds. When Ana has run 30 rounds, how many has Victor run? Explain 
your answer (Van Dooren et al. 2005). 
7.-A company usually sends 9 men to install a security system in an office building, and they do it in 
about 96 minutes. Today, they have only three men to do the same size job. How much time should be 
scheduled to complete the job? (Lamon, 1999a). 
Tasks 1, 4 and 7 are missing-value proportional problems. Task 2 is a qualitative 
prediction proportional problem. Task 3 and 6 are nonproportional problems and 
task 5 is a numerical comparison proportional problem.  
Some students were selected to participate in individual clinical interviews and 
these were videotaped. The interviews were based on the questionnaire questions 
and the students’ replies. The objective of interview was to obtain clarifications 
and justifications of the students’ responses. 
ANALYSIS 
Data were analyzed from several perspectives: accuracy of solution and solution 
strategy employed. For each task, the solving process was analyzed to identify the 
correct and incorrect answers and the type of strategy used. We compiled a list of 
strategies recorded for each task. We then examined strategies for evidence of 
overlap and when necessary consolidated overlapping codes was generated. Final 
coding categories of strategies and respective frequencies are in tables 3 and 4. We 
identified six correct strategies: unit-rate, building-up method, rule of three, 
identify the rate-compare, identify the nonproportional situation and factor of 
change. Furthermore, we identified eight incorrect strategies. All variables were 
codified as 0 and 1. Therefore, each correct solution was assigned the score of 1, 
while each wrong solution was given the score of 0. In a similar way, the use of a 
particular strategy in a problem was codified as 1 and the non use as 0. 
For the analysis of the data, we used the computer software CHIC to carry out an 
implicative statistical analysis (Gras et al., 1997). From this analysis an implicative 
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diagram was derived and it involves relationships between students’ responses and 
relationships among the strategies used. 
RESULTS 
We have studied the difficulty level of the tasks. We have divided the number of 
correct answers by the total number of participants. We classified the tasks using 
intervals difficulty (table I). Tasks 1b, 3, 4, 5 and 7 are difficult. Task 1a has 
medium difficulty, task 6 is easy and task 2 is very easy. The table 2 displays 
correct and incorrect answers percentage. 
 
       
 
 
 
 
 
 
Task 2 had 79% correct answers, so it was the easiest problem for the students. 
Task 6, 57% and task 1a, 48%. The rest of the items had a percentage in correct 
answers below 48. The problem with more empty answers was 1b, followed by the 
problem 7 (students didn’t try to solve), but the problem with the biggest number 
of incorrect answers was the problem 4 (students tried to solve it but without 
success). To interpret this data we have to observe the characteristics of each 
problem.  Problem 1 has a familiar context to the student and although the numbers 
are integers, the ratios are nonintegers. The difference between item 1a and 1b is 
due to placement of the unknown amount. Item 4 hasn’t a familiar context but the 
numbers and the ratios are integers. Although problems 1a and 4 are both missing-
value problems and the second has integer numbers and ratios, the first had more 
correct answers. It could be explained because of the familiarity of the context 
(buying vs. paint). The task 7 has integer numbers and ratios but it is an inverse 
proportional problem. The nonproportional problems (3 and 6) had also different 
difficult level and were approached in a different way although empty answers 
were very similar in the two problems (the problem 3 had 15 empty answers and 
the problem 6 had 14). The difference in the success can be explained by the 
numerical structure of the situation. The problem 6 (running) has an additive 
relationship (15-5= 10) that indicates the constant difference between the two 
runners, while in the problem 3 (musicians) there isn’t this structure.  
To summarize, students were more successful in the qualitative problem, and then 
in nonproportional tasks. The list continues with missing-value proportional 
problems but in a familiar context and with the numerical comparison problems. 
Problem Correct 
Answers 
% 
Incorrect 
Answers 
% 
Empty 
Answes 
% 
1a 
1b 
2 
3 
4 
5 
6 
7 
48 
41 
79 
41 
25 
39 
57 
30 
24 
18 
16 
44 
64 
37 
29 
39 
28 
41 
5 
15 
11 
24 
14 
31 
Difficutly 
level 
Index 
difficulty 
tasks 
Very difficult 
Difficult 
Medium 
difficulty 
Easy 
Very easy 
<0.25 
0.25to 0.44 
0.45to0.54 
 
0.55to0.74 
>0.74 
 
E1b,E3,E5,E7 
E1a 
 
E6 
E2 
Table 1: Difficulty level of the tasks 
Table 2: Correct and Incorrect
answers percentage 
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Finally,   missing-value problems but in a non familiar context and in an inverse 
proportional situation were the most difficult problems. 
In tables 3 and 4 we can observe the correct and incorrect strategies and their 
percentages in each task. The percentages in the table are calculated on the whole 
number of replies (135).  The students used several strategies (correct or incorrect) 
in some problems, but the use of several correct strategies was only in the missing-
value proportional problems (problem 1, 4 and 7). The most commonly used 
methods by students in solving missing-value proportional problems were the rate-
unit, the factor of change, the rule of three and building-up. In the case of the 
numerical comparison and prediction qualitative problems, students identified the 
rates and compared them, and with nonproportional problems, they identified the 
nonproportional situation (Table 3). 
Problem Unit-
rate 
(CSa) 
% 
Building-up 
method 
(CSb) 
% 
Rule of 
three 
(CSc) 
% 
Identify the 
rate, 
compare 
(CSd) 
% 
Identify the 
nonproportional 
situation (CSe) 
% 
Factor 
of 
change 
(CSf) 
% 
1a 
1b 
2 
3 
4 
5 
6 
7 
31 
12 
- 
- 
3 
- 
- 
- 
7 
15 
- 
- 
- 
- 
- 
- 
14 
14 
- 
- 
4 
- 
- 
11 
- 
- 
37 
- 
- 
9 
- 
- 
- 
- 
- 
41 
- 
- 
60 
- 
- 
- 
- 
- 
18 
- 
- 
21 
Table 3: Correct strategies percentages in the tasks 
 
Problem Confuse 
relationship 
between 
measures 
(ISa) 
% 
Incorrect 
building-
up 
method 
(ISb) 
% 
Try to 
identify 
the 
rate 
(ISd) 
% 
Identify 
rate but its 
use is 
incomplete 
(ISe) 
% 
No rate 
identifi-
cation 
(ISf) 
% 
Use 
proportio-
nality in a 
nonproportio-
nal situation 
(ISg) 
% 
Other 
strategies 
in a 
nonpropor-
tional 
situation  
(ISh) % 
Use direct 
proportion-
nality in an 
inverse 
situation 
(ISi) 
% 
Any 
Strategy 
% 
1a 
1b 
2 
3 
4 
5 
6 
7 
4 
2 
- 
- 
- 
- 
- 
1 
4 
1 
- 
- 
- 
- 
- 
- 
- 
- 
- 
- 
- 
4 
- 
- 
- 
- 
1 
- 
3 
- 
- 
- 
- 
- 
47 
- 
53 
26 
- 
1 
- 
- 
- 
33 
- 
- 
17 
- 
- 
- 
- 
- 
- 
- 
2 
- 
- 
- 
- 
- 
- 
- 
- 
18 
40 
56 
15 
26 
19 
61 
21 
48 
Table 4: Incorrect strategies percentages in the tasks 
The incorrect strategies used in missing-value proportional problems were (Table 
4): confusing the relationship between measures, incorrect building-up method, no 
rate identification (use the additive strategy) and use direct proportionality in an 
inverse situation; And in numerical comparison and prediction qualitative 
problems, no rate identification, they identified the rate but its use was 
unsuccessful and tried to identify the rate. With regard to nonproportional 
problems, students used proportionality. The remaining percentage (any strategy) 
is completed with empty responses, answers without sense and answers without 
any explanation or notes about the process followed. 
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Figure I is the implicative graphic (95% level of significance) that involves the 
responses and correct strategies used. Implicative analysis generated four 
implicative structures among students’ strategies. One of the implicative structures 
integrated the empty answers (Wi).  
 
Figure I: Graphic Implicative 
Legende: CS= correct strategies. CSa 4= Unit- Rate in problem 4; CSb 1b = Building-up method in problem 1b; 
CSc4= Rule of three in problem 4; CSf 4 = factor of change in problem 4. 
IS= Incorrect strategies. Wi (i=1a,1b,2,3,4,5,6,7) empty responses.  
Ei (i=1a,1b,2,3,4,5,6,7) Correct response 
 
Some of the implicative relationships identified are the following.  If students give 
an empty answer to task 2 (qualitative prediction) (students don’t try to solve the 
problem), they also make this for task 3 (nonproportional situation) and then for 
tasks 1a and 1b (missing-value proportional problem, context: buying). 
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Furthermore, an empty answer to task 3 (nonproportional situation, musicians) 
implies one empty answer to task 7 (missing-value proportional problem, inverse). 
Otherwise, if they give an empty answer to task 6 (nonproportional situation, 
runners), they do this to tasks 3 (nonproportional situation, musicians), task 4 
(missing-value proportional problem, paint), 5 (comparison proportional problem) 
and 7 (missing-value proportional problem, inverse) too. These results are related 
to the difficult level and the students’ success in solving tasks.  
In the first and the second implicative structures, if students were successful in task 
5 (comparison proportional problem), they also were successful in exercise 6 
(nonproportional problem, runner). Also if they were successful in task 4 (missing-
value problem, paint) they also were successful in tasks 7 (missing-value 
proportional problem, inverse) and 3 (non proportional, musicians) and then in task 
1 (missing-value proportional problem, buying).  
Addition to,  the use of the unit-rate, rule of three and building-up method entails 
successful solution in the first problem, the use of the unit-rate, rule of three and 
factor of change in the fourth problem and the use of rule of three and the factor of 
change in the seventh task. An explanation of the difference in the strategies in 
each task could be the different nature of the numerical relationship and the 
context. Furthermore when students identify the nonproportional situation, they 
provide a correct answer. Finally, identifying the rates and comparing them implies 
a correct answer in prediction qualitative problems. 
Using the rule of three in missing value proportional problem (paint)(Csc4) implies 
the use of the same method in problem 1 (missing-value proportional problem, 
buying). It also implies the use of this rule in a nonproportional situation (Isg3).  
DISCUSSION AND CONCLUSIONS 
The purpose of this study was to investigate the relationships among students’ 
strategies while solving different types of proportional and nonproportional 
problems. The analysis of the data reveals that in a missing-value problem with a 
familiar context and noninteger ratios, the most commonly strategy is the unit-rate 
(Csa). Our results are according with Christou & Philippou (2002) who concluded 
the students’ tendency to rely on the unit-rate method (they worked with fifth and 
fourth grade students), but when the ratios are integers they prefer to use the factor 
of change. Also, in task 4 (proportional problem), 53% of the students didn’t 
identify the rate (Isf) and used an additive strategy. Misalidou & Williams (2003) 
identified that the additive strategy was the dominant erroneous strategy and they 
obtained that a lot of students used this strategy in this type of task. Another result 
is the tendency to use a proportional strategy in a nonproportional situation 
according with Van Dooren et al. (2005)  
Concerning the existence of a relationship between strategies, using the rule of 
three in a missing-value problem (CSc1a or CSc1b) implies the use of the same 
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strategy in other missing-value problems (1b or 1a, 4) and also in nonproportional 
situations (ISg3).  
Finally, we underline the large percentages of erroneous strategies revealing that 
students in their first year of Secondary School don´t understand the multiplicative 
relationship among quantities in a proportional situation and they have difficulty to 
differentiate between a proportional situation and nonproportional situation. 
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